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We are going to look at our sorting program from the last lecture, except this time we will replace 
SelectionSort with a new sorting algorithm that we will learn today — InsertionSort. 


public class InsertionSorting 


{ 
public static void main(String[] args) 
{ 
int[] valArray = new int[10]; 
valArray[0] = 93; 
valArray[1] = 11; 
valArray[2] = 71; 
valArray[3] = 6; 
valArray[4] = 39; 
valArray[5] = 67; 
valArray[6] = 41; 
valArray[7] = 88; 
valArray[8] = 23; 
valArray[9] = 54; 
PrintArray(valArray) ; 
System.out.println() ; 
InsertionSort (valArray) ; 
PrintArray(valArray) ; 
} 
public static void PrintArray(int[] A) 
{ 
for (int i = 0; i<A.length; i++) 
System.out.println("Cell #" + i+": "+ A[i]); 
} 


// And we will now proceed to write InsertionSort 


The InsertionSort algorithm works in a slightly different manner than SelectionSort did. 
Both sorting algorithms build an increasingly-larger sorted array as the algorithm proceeds. pro- 
ceeds. The difference is that SelectionSort builds the array by pulling out a specific value from 
the unsorted values, and then sorting the remainder of the values, whereas InsertionSort will 
sort most of the values first, and then insert the last value into the sorted collection. That is, in 
SelectionSort, the recursive call is the last thing done; in InsertionSort, it is the first thing 
done. 


Description of insertion sort algorithm: 


If the array is of size 1, do nothing. Otherwise recursively sort all but the last cell of this 
subarray. Then, continue swapping the last element backwards in the array until it is greater than 
the cell to its left. 


Example, on array from the main() method above (the beginning of this gets a little repetitive, 
but I wanted to be complete so that everyone could see every detail if they wanted): 


ALi] 93 11 71 6 39 67 41 88 23 54 


Recursive call #1 
Array as we start to sort elements at indices 0 through 9 


Since the array is of size greater than 1, we decide to sort the values at indices 0 through 8 
first. Once this is done, we can then insert the value A[9] into its proper place among the sorted 
elements in cells 0 through 8. But first we must recursively sort cells 0 through 8!! 


A[il 93 11 71 6 39 67 41 88 23 54 


Recursive call #2 
Array as we start to sort elements at indices 0 through 8 


Since the subarray is of size greater than 1, we decide to sort the values at indices 0 through 7 
first. Once this is done, we can then insert the value A[8] into its proper place among the sorted 
elements in cells 0 through 7. But first we must recursively sort cells 0 through 7!! 


A[il 93 11 71 6 39 67 41 88 23 54 


Recursive call #3 
Array as we start to sort elements at indices 0 through 7 


3 


Since the subarray is of size greater than 1, we decide to sort the values at indices 0 through 6 
first. Once this is done, we can then insert the value A[7] into its proper place among the sorted 
elements in cells 0 through 6. But first we must recursively sort cells 0 through 6!! 


A[il 93 11 71 6 39 67 41 88 23 54 


Recursive call #4 
Array as we start to sort elements at indices 0 through 6 


Since the subarray is of size greater than 1, we decide to sort the values at indices 0 through 5 
first. Once this is done, we can then insert the value A[6] into its proper place among the sorted 
elements in cells 0 through 5. But first we must recursively sort cells 0 through 5!! 


A[il 93 11 71 6 39 67 41 88 23 54 


Recursive call #5 
Array as we start to sort elements at indices 0 through 5 


Since the subarray is of size greater than 1, we decide to sort the values at indices 0 through 4 
first. Once this is done, we can then insert the value A[5] into its proper place among the sorted 
elements in cells 0 through 4. But first we must recursively sort cells 0 through 4!! 


A[il 93 11 71 6 39 67 41 88 23 54 


Recursive call #6 
Array as we start to sort elements at indices 0 through 4 


Since the subarray is of size greater than 1, we decide to sort the values at indices 0 through 3 
first. Once this is done, we can then insert the value A[4] into its proper place among the sorted 
elements in cells 0 through 3. But first we must recursively sort cells 0 through 8 


A[il 93 11 71 6 39 67 41 88 23 54 


Recursive call #7 
Array as we start to sort elements at indices 0 through 3 


Since the subarray is of size greater than 1, we decide to sort the values at indices 0 through 2 
first. Once this is done, we can then insert the value A[3] into its proper place among the sorted 
elements in cells 0 through 2. But first we must recursively sort cells 0 through 2 


ALi] 93 11 71 6 39 67 41 88 23 54 


Recursive call #8 
Array as we start to sort elements at indices 0 through 2 


Since the subarray is of size greater than 1, we decide to sort the values at indices 0 through 1 
first. Once this is done, we can then insert the value A[2] into its proper place among the sorted 
elements in cells 0 through 1. But first we must recursively sort cells 0 through 1 


A[il 93 11 71 6 39 67 41 88 23 54 


Recursive call #9 
Array as we start to sort elements at indices 0 through 1 


Since the subarray is of size greater than 1, we decide to sort the values at indices 0 through 0 
first. Once this is done, we can then insert the value A[1] into its proper place among the sorted 
elements in cells 0 through 0. But first we must recursively sort cells 0 through 0 


ALi] 93 11 71 6 39 67 41 88 23 54 


Recursive call #10 
Array as we start to sort elements at indices 0 through 0 


Now that the array is down to size 1, that is our base case. Note that right now we have eleven 
different method calls active at once! From main(), we called InsertionSort, and from there we 
called InsertionSort a second time, and from there we called InsertionSort a third time, and 
so on. We’ve never returned from any of the InsertionSort calls, because the first instruction in 
each call was to call InsertionSort again on a smaller array. But now we will start to return to 
them one by one and do more work. For example, we are in recursive call #10 right now, but ina 
moment we will finish call #10, and return to call #9 to finish it up. Once we finish call #9 up, we 
will then return to call #8 and finish it up. And so on — one by one we will return to the previous 
recursive call and finish it, until finally we are returning from the very first InsertionSort call 
back to main(), and at that point the array will be sorted and we will be finished. 

This recursive call #10 that we are in now is the case where making a further recursive call 
would either be pointless or would not make any sense. There is only one element left, so making a 
further recursive call would sort no elements! So, the subarray with indices 0 through 0 is already 
sorted — it is just one element and that element is of course in its proper order, since there is nothing 
to be out of order with. So, we are done with this method call, and we return from recursive call 
#10, back to recursive call #9. 


ALi] 93 11 71 6 39 67 41 88 23 54 


Array after returning to recursive call #9. 


At this point, we have finished recursive call #10, which sorted the elements at indices 0 through 
0, and we are going to insert the value at index 1 into the sorted subarray consisting of the elements 
at indices 0 through 0. This results progressively swapping 11 with the element to its left until 
either 11 is less than the element to its left, or there are no more elements to 11’s left. Since A[0] 
is 93, we swap 11 with 93 and then 11 is at the far left so we stop. 


A[il 11 93 71 6 39 67 41 88 23 54 


Array right before returning from recursive call #9. 
Thus, also array right after returning to recursive call #8. 


And now that we have finished recursive call #9, note that we have sorted the elements in cells 
0 through 1, as was the point of this method call. Now, when we return from call #9 back to call 
#8, the subarray consisting of cells 0 through 1 is sorted, and we need to insert the value in cell 2 
into that sorted subarray in sorted order. Again, that consists of swapping our value — 71 in this 
case — with the value to its left until either the element to its left is less than 71, or there are no 
elements to the left. Here, we swap 71 with 93, but note that 11 is less than 71, and so we don’t 
swap those two. And thus we are done with recursive call #8. 


A[il 11 71 93 6 39 67 41 88 23 54 


Array right before returning from recursive call #8. 
Thus, also array right after returning to recursive call #7. 


And now that we have finished recursive call #8, note that we have sorted the elements in cells 
0 through 2, as was the point of this method call. Now, when we return from call #8 back to call 
#7, the subarray consisting of cells 0 through 2 is sorted, and we need to insert the value in cell 
3 into that sorted subarray in sorted order. Again, that consists of swapping our value — 6 in this 
case — with the value to its left until either the element to its left is less than 6, or there are no 
elements to the left. Here, we swap 6 with 93, and then 71, and then 11, and then realize there are 
no more elements to the left of 6, and so we stop. And thus we are done with recursive call #7. 


A[il 6 11 71 93 39 67 41 88 23 54 


Array right before returning from recursive call #7. 
Thus, also array right after returning to recursive call #6. 


And now that we have finished recursive call #7, note that we have sorted the elements in cells 
0 through 3, as was the point of this method call. Now, when we return from call #7 back to call 
#6, the subarray consisting of cells 0 through 3 is sorted, and we need to insert the value in cell 4 
into that sorted subarray in sorted order. Again, that consists of swapping our value — 39 in this 
case — with the value to its left until either the element to its left is less than 39, or there are no 
elements to the left. Here, we swap 39 with 93, and then 71, and then realize that 11 is less than 
39 and so we stop. And thus we are done with recursive call #6. 


A[il 6 11 39 71 93 67 41 88 23 54 


Array right before returning from recursive call #6. 
Thus, also array right after returning to recursive call #5. 


And now that we have finished recursive call #6, note that we have sorted the elements in cells 
0 through 4, as was the point of this method call. Now, when we return from call #6 back to call 
#5, the subarray consisting of cells 0 through 4 is sorted, and we need to insert the value in cell 5 
into that sorted subarray in sorted order. Again, that consists of swapping our value — 67 in this 
case — with the value to its left until either the element to its left is less than 67, or there are no 
elements to the left. Here, we swap 67 with 93, and then 71, and then realize that 39 is less than 
67 and so we stop. And thus we are done with recursive call #5. 


A(il 6 11 39 67 71 93 41 88 23 54 


Array right before returning from recursive call #5. 
Thus, also array right after returning to recursive call #4. 


And now that we have finished recursive call #5, note that we have sorted the elements in cells 
0 through 5, as was the point of this method call. Now, when we return from call #5 back to call 
#4, the subarray consisting of cells 0 through 5 is sorted, and we need to insert the value in cell 6 
into that sorted subarray in sorted order. Again, that consists of swapping our value — 41 in this 
case — with the value to its left until either the element to its left is less than 41, or there are no 
elements to the left. Here, we swap 41 with 93, and then 71, and then 67, and then realize that 39 
is less than 41 and so we stop. And thus we are done with recursive call #4. 


ALi] 6 11 39 41 67 #71 #93 88 23 54 


Array right before returning from recursive call #4. 
Thus, also array right after returning to recursive call #3. 


And now that we have finished recursive call #4, note that we have sorted the elements in cells 
0 through 6, as was the point of this method call. Now, when we return from call #4 back to call 
#3, the subarray consisting of cells 0 through 6 is sorted, and we need to insert the value in cell 7 
into that sorted subarray in sorted order. Again, that consists of swapping our value — 88 in this 


7 


case — with the value to its left until either the element to its left is less than 88, or there are no 
elements to the left. Here, we swap 88 with 93, and then realize that 71 is less than 88 and so we 
stop. And thus we are done with recursive call #3. 


A[il 6 11 39 41 67 #71 88 93 23 54 


Array right before returning from recursive call #3. 
Thus, also array right after returning to recursive call #2. 


And now that we have finished recursive call #3, note that we have sorted the elements in cells 
0 through 7, as was the point of this method call. Now, when we return from call #3 back to call 
#2, the subarray consisting of cells 0 through 7 is sorted, and we need to insert the value in cell 8 
into that sorted subarray in sorted order. Again, that consists of swapping our value — 23 in this 
case — with the value to its left until either the element to its left is less than 23, or there are no 
elements to the left. Here, we swap 23 with 93, and then 88, and then 71, and then 67, and then 
41, and then 39, and then finally we realize that 11 is less than 23 and so we stop. And thus we 
are done with recursive call #2. 


A[il 6 11 23 39 41 67 71 88 93 54 


Array right before returning from recursive call #2. 
Thus, also array right after returning to recursive call #1. 


And now that we have finished recursive call #2, note that we have sorted the elements in cells 
0 through 8, as was the point of this method call. Now, when we return from call #2 back to call 
#1, the subarray consisting of cells 0 through 8 is sorted, and we need to insert the value in cell 9 
into that sorted subarray in sorted order. Again, that consists of swapping our value — 54 in this 
case — with the value to its left until either the element to its left is less than 54, or there are no 
elements to the left. Here, we swap 54 with 93, and then 88, and then 71, and then 67, and then 
realize that 41 is less than 54 and so we stop. And thus we are done with recursive call #1. 


A[il 6 11 23 39 41 54 67 71 88 983 


Array right before returning from recursive call #1. 


At this point, the array is sorted, and we return from recursive call #1 back to main(). So, now 
that we have seen an example of the insertion sort algorithm, it is time to implement that algorithm 
using a Java method. 


public static void InsertionSort(int[] A) 
{ 
// some code here 


} 


Since the client will just be passing in an array, we will need to have a “just one parameter” method 
invoke a recursive method. Certainly this recursive method needs the array as a parameter; it also 
needs to know the bounds of the particular subarray that is being sorted...but the only bound that 
changes from call to call is the high bound; the low bound is always 0. So, we really only need the 
high bound as a parameter. 


public static void InsertionSort(int[] A) 


{ 
InsertionSort(A, A.length-1); 
} 
private static void InsertionSort(int[] A, int hi) 
{ 
// some recursive code here 
} 


Now, it is that second call — the recursive one — that we will focus on; the first method only needed 
to call the recursive one and so it is compeleted. For the recursive method, we said that the base 
case was when we were down to one cell — i.e. low index of subarray equals high index of subarray. 
In this case, that will happen when the high index of the subarray is zero, since the low index is 
always zero. 


private static void InsertionSort(int[] A, int hi) 


{ 
if (hi == 0) 
// base case code 
else 
// recursive case code 
Bs 


When we hit the base case, we have an array of size 1, and that required no sorting work before 
we returned. 


private static void InsertionSort(int[] A, int hi) 


1 
if (hi == 0) 
return; 
else 
// recursive case code 
as 


Otherwise, if the high index is not zero, that means there is more than one element in the array, 
and that is our recursive case. We recursively sort all the elements except the last one... 


private static void InsertionSort(int[] A, int hi) 


{ 
if (hi == 0) 
return; 
else 
{ 
InsertionSort(A, hi-1); 
// what else? 
} 
} 


..and then once the elements in cells 0 through hi-1 are sorted, we insert the value at index 
hi into its proper place in the subarray of indices 0 through hi-1. We can do this through another 
method call. 


private static void InsertionSort(int[] A, int hi) 


{ 
if (hi == 0) 
return; 
else 
{ 
InsertionSort(A, hi-1); 
InsertInOrder(A, ...); // what other arguments 
// might we need? 
} 
} 


We will figure out the other arguments to InsertInOrder later. But, other than that, we are 
done! The recursive case sorts all but the last element recursively, and then inserts the last element 
into the sorted subarray of the other elements. That is all we need to do! 

Actually, you might notice that the if case above is relatively worthless; all you do is return. 
By changing the hi==0 condition to ! (hi==0) we could switch around the if and else cases: 


private static void InsertionSort(int[] A, int hi) 


{ 
if (!(hi == 0)) 
{ 
InsertionSort(A, hi-1); 
InsertInOrder(A, ...); // what other arguments 
// might we need? 
} 
else 
return; 
} 


10 


and thus eliminate the else case entirely, since we would naturally return anyway even if we 
skipped over the if case. Also, since our indices can never be negative, here ! (hi==0) is essentially 
equivalent to hi>0, and that reads nicer. So, aside from those arguments to InsertInOrder, our 
recursive method is complete: 


private static void InsertionSort(int[] A, int hi) 


{ 
if (hi > 0)) 
{ 
InsertionSort(A, hi-1); 
InsertInOrder(A, ...); // what other arguments 
// might we need? 
} 
} 


Now, what about the InsertInOrder method? Well, that can be described as we described it 
earlier: 

“We are taking an element — call it X — and inserting it into the sorted subarray to its left. 
If (1) there aren’t any more elements to its left, or (2) the element to its left is less than it, then 
there is no reason to swap any further. Otherwise, swap with the element to its left (which we have 
compared it to) and then insert X into the subarray to its left. ” 

It sounds as if that is a recursive operation, since that last instruction, “insert X into the 
subarray to its left”, is the same as the original instruction — just using a smaller subarray. (1) and 
(2) would be the base cases. 


private static void InsertInOrder(........... ) 

{ 
// (1) if nothing to the left of our value, stop. 
// (2) if the value to the left of our value 


// is less than our value, stop. 

// Otherwise, swap with the value to our 
// left and run this method again on 
// an array one smaller in size. 


} 


Remember, then, that we optimized this in class by not actually swapping, but instead by not 
writing our “A[hi]” value into the array to begin with until we knew its correct location. That 
resulted in the code below. 


private static void InsertInOrder(int[] A, int hi, int x) 


{ 
if (Chi == 0) || (AL[hi-1] <= x)) 
Athi] = x; 
else 
{ 
A(hi] = Afhi-1]; 
InsertInOrder(A, hi-1, x); 
5 
} 
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Final code: 


public static void InsertionSort(int[] A) 
{ 
InsertionSort(A, A.length-1); 


private static void InsertionSort(int[] A, int hi) 
{ 
if (hi > 0)) 
{ 
InsertionSort(A, hi-1); 
InsertInOrder(A, hi, Alhi]); 


private static void InsertInOrder(int[] A, int hi, int x) 


{ 
if (Chi == 0) II (Afhi-1] <= x)) 


A[hi] = x; 
else 
{ 
Athi] = Alhi-1]; 
InsertInOrder(A, hi-1, x); 
} 
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